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ABSTRACT

Design of minimum cost canal section requires minimization of construction costs per
unit length of the canal. The aim is to minimize a nonlinear objective function subject to a
nonlinear equality constraint. The objective function has been expressed as the cost per unit
length of the canal for excavation and lining. Manning's equation was used as an equality
constraint. Using the method of Lagrange multipliers, the necessary equations for the
design of minimum cost irrigation canal of trapezoidal, rectangular, triangular shapes can
be obtained. The optimal dimensions for the previous canal sections without freeboard
could be obtained from a set of design charts. These charts were plotted based on the results
obtained using a Fortran computer programs to solve the minimum cost design equations.
Also, the effect of freeboard has been taken into consideration and a set of charts was
plotted for the design of minimum cost irrigation canals which provided with freeboard.
The minimum cost design charts arc useful in selecting the optimal canal dimensions
guarantying the minimum cost of construction. A design example with sensitivity analysis
was presented to indicate the simplicity and practicability of the proposed method.

INTRODUCTION

Irrigation canals in an irrigation system are like veins in a body. They are used to
convey, distribute, and apply water to the land. A canal in the irrigation system may be a
rigid boundary canal (lincd canal) or a nobile boundary canal (unlined canal). In most
cases, the purpose of canal lining is to prevent erosion and seepage losses. Also, the smooth
surface of lining reduces the friction forces, which enables the canal to be laid on a small
slope ensuring a high level at the point of delivery.

The factors te be considered in the design of uniform flow in rigid boundary canals are
the kind of nonerodible malerials forming the canal surface, thc maximum permissible
welocity that will not cause erosion of the canal surface, the minimum permissible velocity,
1o avoid sedimemation, the longitudinal bottom slope of the canal which generally
governed by the topography and the purpose of the canal, the freeboard of the canal to
prevent waves or [(luctuations in water surface from overflowing the sides, and the
efficiency of canal section, which indicates how much the section is hydraulically and/or
economically efficient [1,2,3].
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The selection of canal dimensions which provide either the greatest hydraulic efficiency
or the least construction cost are the objectives of canal geometry optimization. These two
objectives usually produce different canals dimensions. The best hydraulic section has the
maximum flow rate and minimum perimeter for a given area but not necessarily the most
economical canal section. Several investipators have combined canal cost and
practicability requirements into an objective function with certain conslraints to obtain the
optimal canal section { 4,5,6,7,9,10,11].

Mainly, the optimum economy of an irrigation project is achieved by minimizing the
cost of canals construction. The design of minimum construction cost irrigation canals
includes the minimization of the sum of the excavation and lining costs which vary with
canal depth subject to uniform flow condition in the canal. This problem represents the
minimization of a nonlinear objective function subject to a nonlinear equality constraint,
which is difficult to be solved analytically. Using the method of Lagrange multipliers
(3,5,7,8], the necessary equations for the design of minimum cost irrigation canal of
trapezoidal, rectangular, triangular shapes can be obtained for both the canals with
freeboard and the canals without freeboard.

The purpose of this paper is to provide a simple mathematical technique to achieve
minimum cost design charts to facilitate the selection of the optimal canal dimensions of
trapezoidal, rectangular, and triangular shapes with or without freeboard, guarantying the
minimum cost of construction. A design example with sensitivity analysis was presented to
demonstrate the simplicity and practicability of the present technique.

COST FUNCTION

The objective function consists of the construction cost per unit length of the canal for
excavation and lining. Considering the excavation cost for the flow section, the excavation
cost can be written as [5,11]:

C =c,A+c Ay (D
in which: ¢, = cost per unit volume of excavation at ground level; ¢; = increase in the unit
excavation cost per unit depth; 4 = flow area; and y=depth of centroid of area from the
free water surface.

Considering the cost of canal lining per unit surface area ¢, , the cost of lining C; can be
written as:

Ci=c¢ P (2)
where P = wetted perimeter of cross section.

Taking into account the depth of freeboard F, figure (1}, equations (1) and (2) may be
rewritten as:

Cy=c4 +c Ay, (3)

ij = P, (4)
where A4, = total cross section area; P, = total perimeter of cross section and ;,= depth of
centroid of area from the ground level.

The total cost of construction per unit length C can be obtained by adding the
excavation cost and the lining cost as:

C=C.+Ci=c,A+c, Ay +c,P=c,A+cE+c,P (5)
in which )
E=Ay (6)

Considering the depth of freeboard, The total cost of construction per unit length Cycan be
obtained by adding the excavation cost and the lining cost as:
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Cr=Cy+Cy=c A, +C,A,)_r'., +o,P=c d, +¢c E, +¢ P )]
E =43, )

EQUALITY CONSTRAINT FUNCTION

The capacity of a uniformly flowing open channel can be determined, in SI units, by
Manning's equation:

T
0= AR*S" ©

in which O = flow rate; n = Manning's roughness coefficient; R = hydraulic radius = 4/P; §
= channel bed slope. The design flow rate 0, the Manning's roughness coefficient n of the
construetion material, and the bed slope of the channel based on topography data are
generally given. The design parameters that the engineer must determine zre 4 and R,
which are functions of the geometric elements of the cross section and the normal depth y.
Since a canal is designed to sustain uniform flow, the equality constraint function can be
written as:

573
On A _ O (10)

— p —i o ——
fa) (b) (c)
Fig.1. Canal Sections: (a) Trapezoidal Section; (b) Rectangular
(8) Section; and (¢) Triangular Section

For canals of trapezoidal section C and ¢ are functions of water depth », bed width b.
and side slope z. In the case of rectangular section canals, C and ¢ are functions of water
depth », and bed width b, while in the case of triangular section canals C and gare
functions of water depth v, and side slope =

Trapezoidal Section Case

By applying the Lagrange method of undetermined multipliers for trapezoidal canal
with freeboard, figure (1-a), the minimum vaiue of the function Cy ¢y, 4. z} can be evaluated
frown the following four equations:

e, b

bl A 1))
3 T a (
&, ap

v o 12
% +/1[:f; 0 12)
X %, (13)
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and 4y b 2)=0 _ (14)
Elimination of A between equations {11), {12), and (13) results in:
., ap &L, o 3
aC ac
SE-Ee (9
in which
28 a4 208 ép,
E R BR R "
&C A4 22 5P,
j:ce—wqiw,% (18)
éC M E P
?fﬂe?’w &' +c,%’ (19)
& 547 24" P
E__PZIJ E 3 PSIJ @J (20)
A SA"au 247 P 1
Eg 3 p3 éb 3 pii3 éf) (21
A SAV G 24" P 29
E 3P 3P a =2
Substituting equations (17), (18}, (20), and (21} into equation {(15) yields:
[ﬁﬁ E ﬁj [z A”’a_A_zA;”@}
@J é) @ 3 PQ:‘J 51‘) 3 PS:‘] &
a4 GE, GP| (54" 4 247 &
(E;J’k‘ EXY [3 PP H 3P ) @
inwhichk, =¢,/¢c,,and ky = ¢,/ ¢..
Substituting equations (17}, (19), (20), and (22} into equaticn (16} yields:
[@u Z g][sf” M 24" ap]
& & )\ 3pP" z 3PV &
A GE, 54" 24" P
(E”‘vz b EM e 3P ) @4
where: A, =b(y + F)+z(y+ F)?, P =b+2(y+ FWl+z",
2 3 (?A A
E,=b(y;F) +z(yw;F) . Cb42s(y+ F) Ezy”r’
A4, 6P L, P B 2z(y+F)
—L=(y+ FY, =2Vl e, L= T—
R A N e
ZE S )t E, + £y
Er byt Fyrys by, e B g B OB

& fei) 2 ' 74 3

The optimal values of y, b, z can be obtained by solving equattons (14), (15), and (16)
simultanecusly. Practically, the side slope z of the canal section is determined based on
other factors than the economic design, These factors involve the angle of repose of soil,
the building material, and the method of construction [2,7,9]. In this case, the side slope z is



Mansoura Engineering Journal, (MEJ). Vol. 29, No. 1, March 2004. C. 138
<, G

% = F =0, and the optimal values of y, 4 can be obtained by
solving equations (14), and (15) simultaneously.
When F = 0. the optimal values of y, b, z can be obtained for trapezoidal canal without

considering freeboard by solving equation (14) simultaneously with the following two

considered constant,

equations:

XY _Xap_ ;

&dd dEd (26)

X XH_ )

& & & 63/ - (27
in which

eC 5A+ oF aP -

- =c, o t¢ —+c¢—

3 %33 %% @9

A

é C,——+¢ +c,£ (29)

b b &b b

é—(: 5—A+c iE-+c _a:)'i 30

& = e & P 1 . ( )
Substituting equations (20), (21), (26), and {27) into equation (24) yields:

H E | P[54 a4 247 P

3 %333 a T A)

i E | PY(SAV at 24" P

2 E) 3P e T3P )T Gh
Substituting equations (20), (22), (26), and (28) into equation (25) yields:

a GE  ®|(547 a0 24" P

5 5 ) 5P 3P &)

M GE . PN(S5AV a4 247 P

R I 02

= by’ - o

where: 4 =by+zy2, P=b+2v1+2", =—;—+%, E=b+2zy , E=y'

A , &P ~ oF ol 2 ok

E=.}’ 3=2'\”+Z”,E=I,}——l—zy—l ‘a"=by+2y

Z +z
GE ! Gy
&2 METT 33)

Rectangular Section Case

When z = 0, the solution of equations (14), and (23) simultanecusly gives the optimal
values of 3, and b for rectangular canal including freeboard considerations. Referring to
Fig. (1-b), equations (25) can be simplified as follows:

b(y + F)* a"A,_b
2 e
i [ ] G—El EEI (y+F)3

2 y+ Y 2, & % b(y+ F}, and r >

A =b(y+F), P=b+2(y+F), E =

(34)
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For rectangular canal section without considering freeboard, z = 0 and F=0,the
optimal values of y. and b can be obtained by solving equations (14), and (31)

simultaneously.

Triangular Section Case

When b = 0, the solution of equations (14), and (24) simultaneously gives the
optimal values of y, and z for triangular canal including freeboard considerations. Referring
to Fig. (1-¢), equations (25) can be simplified as follows:

+F)Y 4,
A, =z(y+ By, P =2{y+F)-\}1+zz ,E'=z(y_3l , E=2z(y+F)
H aP &P 2z(y+F) E,
L+ P, =W+, =, —=z(y+ F)
z =g PN s
cE (y+F)3
d —L =22 7 35
Z 3 (35)

For triangular canal section without considering freeboard, 4 = G and F =0, the
optimal values of y and z can be obtained by solving equations (14), and (32)
simultaneously.

GRAPHICAL SOLUTION

A graphical solution of the minimum cost design equations for a trapezoidal canal
seclion with a specified value of side slopes z allows a quick and illustrative determination
of minimum cost dimensions. Based on Newton Raphson method, Fortran computer
programs was prepared to solve these equations. The values of side slopes z equal o /, 1.5,

2, 1/+/3, and 0 (rectangular section) was used separately in the computations. Considering
freeboard, equations (14) and (23) were solved separately and a separate graph was drawn
for each value of the side slope z, as shown from figure (2) to figure (6). Also, equaticns
(143 and (31) were solved separately and a separate graph for canal without freeboard was
drawn for each value of the side slope z, asshown from figure (7) to figure (11). Fora
triangular canal section with freeboard, equations (14) and (24) was solved separately and
the computed results was drawn in figure (12). equations (14) and (32) were solved
separately for a triangular canal section without freeboard and the computed results was
drawn in figure (13).

There are two sets of curves in all the illustrated figures. Each curved line in the first set
of curves represent one value of the section factor (AR” ywhich is in turn equal to on/s'
The second set of curves for different values of 4, and & . represents the solution of
equation (23) in case of trapezoidal channel and rectangular channe! with freeboard, as
shown from figure (2) to figure (6). From figure (7) to figure (11). the second set of curves
represents the solution of equation (31) in ease of trapezoidal channpel and rectangular
channel without freeboard. In figure (12) the second set of curves for different values of &,
and k& represents the solution of equation (24) for triangular channel with freeboard, while
the second set of curves in figure (13) represents the solution of equation (32) for triangular
channel without freeboard,

For kiown values of O, n, S, z, k. and k;, the section factor (Qrz./.S" ") is computed. In the
case of hoth trapezoidal and rectangular channel, the minimum cost design water depth and
bed width of the channel is determined directly at the point where the section factor line
crosses the &, and #; cost ratio line. The minimum cost design water depth and side stope of
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Fig. 2. Minimum Cost Design Curves for Lined Trapezoidal Channel with
Freeboard =7m and Side Slopes z = 71.0.
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Fig.13. Minimum Cost Design Curves for Lined Triangular Channel without Freeboard.
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the triangular channel is also determined at the point where the section factor line crosses
the k. and & costratic line. The cost of construction could be obtained by substituting the
minimum cost design dimensions into equation (5), in the case of neglecting the freeboard.
In the case of considering the freeboard, the cost of conslruction could be obtained by
substituting the minimum cost design dimensions into equation (7).

The minimum cost design dimensions could be obtained for other values of Or/S’ -
greater than that presented in the given figures by using the appropriate equations to draw
the section factor line and the &, and k; cost ratio line. The point of intersection of these two
lines determines the minimum cost design dimensions,

Velocity Limits

The average flow velocity of the designed section can be obtained by dividing the given
discharge value by the computed section area. This velocity should be greater than the
nonsilting velocity but less than the maximum permissible velocity. The maximum
permissible velocity depends on the type of lining material [11]. If the average velocity is
greater than the maximum permissible velocity, a superior lining material should be used.
otherwise, the method of permissible velocity should be used.

DESIGN EXAMPLE

Design a concrete lined trapezoidal canal section with n = 0.0/2 and side slopesz= 1.5
to carry a discharge of 30 m'/sec on a longitudinal bed slope of 0.0001. The canal passes
through a stratum of ordinary soil for which ¢, = /0 Egyptian pound/m*/m’, ¢;= 2 Egyptian
pound/m’/m', c; = 30 Egyptian pound/m/m'"

Solution

The section factor Qr/S™? =60 is computed using the given values. The values of k, =
02 m' and by = 3.0 m is computed, where k, = ¢; /¢, and & = ¢; /¢, The minimum cost
dimensions, bottom width = 2.77 s and water depth = 4.// m can be obtained from figure
{3) for trapezoidal channel with side slopes z = /.3 and depth of freeboard = / m. The exact
solution of bottom width = 2.77/265 m and water depth = 4.// mcan be obtained by
solving equation (14) simultaneously with equation (23). For trapezoidal channel with side
slope z = .5 without considering depth of freeboard the minimum cost dimensions, bottom
width = 3.38 m and water depth = 3.95 m, can be obtained from figure (8). The exact
solution of bottom width = 3.379963m and water depth = 4./ m can be obtained by solving
equation (14) simultaneously with equation (31).

The total cost of construction of only the flow area obtained from equation (5)is
1011.22 pounds/m" in the case of freeboard consideration and /0/0.56 pounds/m’in the
channel without freeboard. By adding freeboard depth of /m in both the two cases, the total
cost of construction of total canal section obtained from equation (7) is /374.82 pounds/m’
in the case of freeboard consideration and [373.89 pounds/m’in the case of the channel
without freeboard consideration. These results mean that, in case of considering flow area
only, the design chanis for cross section without free board gave the least cost of
construction, while the design charts with free board gave the least cost of construction in
case of considering the total cross section area.

The average flow velocity of the designed section is equal to /. 36/ m/sec in the case of
freeboard consideration and equal to f.3603 m/sec in the case of design without freeboard
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consideration. These values, which must be within the permissible values, can be obtained
by dividing the given discharge value by the computed section area.

Sensitivity of Optimal Design

The water depth of flow were calculated using equation {14) for bed width ranging from
0.5 10 40 and side slope ranging from 0 to 2. The total construction cost was obtained using
equation {5). The variation of construction cost with bed width and side slopes z is shown
in figure (14). In this figure the least minimum construction cost is 949.72 pounds/m’ for
trapezoidal canal with side slope 0.6 and bed width 6.4 m. It is obvious that the
construction cost values for the different side slopes is less sensitive Lo the change in the
channel bed width around the point of minimum construction cost. The minimum
construction cost of {0/86.79 pounds/m’ for rectangular section {z = Q)occurs at channel bed
width equal to /0.0 m. Also, for the design data, figure (14) shows that the rectangular
section is more economical for bed width greater than /4, and the trapezoidal section the
most economical section otherwise.

The sensitivity of the minimum construction cost to the variations in the side slopes is
shown in figure (15). Also from this figure it is obvious that the minimum construction cost
occurs at side slopes 0.6. The construction cost is less sensitive to the variation in side
slopes values between (.5 and 0.8.

This design example indicates that the construction cost values are not sensitive 1o the
variations of cross sectional dimensions as long as they do not deviate far from the
optimum dimensions.
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Fig. 14. Senstivity Analysis of Optimal Design
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SUMMARY AND CONCLUSION

Mathematical technique and graphical solutions were presented for the minimum cost
design of trapezoidal, rectangular and triangular irrigation canals. The objective nonlinear
function has been expressed as the cost per unit length of the canal for excavation and
lining. Manning's equation was used as a nonlinear equality constraint. The method of
Lagrange multipliers was applied 1o the objective function and the equality constraint
function to get the required equation for the minimum cost design.

Fortran computer programns were prepared to solve the design equations separately.
Using the results of computer program, minimum cost design charts of trapezoidal,
rectangular and triangular canal sections were plotted considering both the case of
including the freeboard depth and the case of neglecting the freeboard depth in the
computations. The minimum cost design charts are considered useful in direct selection of
the optimal canal dimensions.

A desigh example with sensitivity analysis was provided to demonstrate the simplicity
and practicability of the present method. The sensitivity analysis indicated that small
deviations from optimal dimensions did not cause a significant increase in costs.
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NOTATION

The following symbols are used in this paper:

A =flow area;

A, = total excavation area including freeboard ;

b = bed width of canal,

C = the total cost of construction per unit length of canal;

C, = cost of excavation per unit length of canal;

Ce = cost of excavation per unit length of canal including freeboard;
C; = the cost of lining per unit length of canal,;

Cy = the cost of lining per unit length of canal including freeboard,
¢, = cost per unit volume of excavation at ground level;

¢ = increase in the unit excavation cost per unit depth;
¢; = the cost of canal lining per unit surface area;

E =4y,

E, = Ay,

F = depth of freeboard;

ke = ¢, /ce;

k = ¢/ec,

n = Manning's roughness coefficient;

¢ = flow rate;

P = wetted perimeter;

P, = total perimeter of cross section including freeboard,

= mean hydraulic¢ radius;
ehannel bed slope;
depth of flow;

depth of centroid of area from the free water surface;

|

depth of centroid of area from the ground level;

= side slope of canal;
equality constraint funetion; and
Lagrange multiplier.
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