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ABSTRACT:

A finite-difference technique is developed 1o predict the effeet of rotation of the inner and outer
cylinders on the turbulent fluid flow and heat cransfer in concentric rotating ¢ylinders. In the present
investigation the two-equation model of turbulence (k-g) is employed. The constanis of the model are
adjusted to take into account the express increase or suppression of turbulence duc to the centrifugal
foree in the fuid caused by the cylinders rotation.

The numerical computations are carried out for the radii ratios 0.5, 0.73 and 0.8573. Different
tangenhial velocity ratios at different axial Reynolds numbers, for co-rotaling and counter rotating
cylinders, were investigated. The present numerical predictions are compared with the available data

[17]. The comparison showed excellent agreement that confirms the accuracy of the peesent
numerical algorithen together with the twrbulence model modifications,

1. INTRODUCTION

Fluid flow and heat transfer berween concentric rotating cylinders have been of great interest for
mary years. It has many engineering applications such as turbomachinary, rotating clectric machings,
swirl nozzles, combustion chambers and fusion reactors. So, it has boen subjecred to many analytical
and experimental investigations.

Several studies [1-4] have been carried out on fluid flow and heat transfer in an annulus for the
simplest case of axial flow with no boundary rotation. The investigation of Malik and Picteher |4] 1s
the most comprehensive prediction of the non-rotating straight annuius flow with heat transfer. Some
others [5-7] have srudied the case of either cylinder rotation with no axiat Aow. They established the
various flow modes in the annulus as well as their stability conditions as a function of the modificd
Taylor number. Four flow regimes were recognized: laminar, laminar with Taylor vortices, turbulent
with Taylor vortices and a fully turbulent regime.

Luck [8] was the first 1o investigate the mixed mode case of axial flow with the inner eylinder
rotating. Such flow occurs in the cooling of electrical motars. This was later extended for different
gap ratios by Gaslkey [9], and Becker and Kaye [10]. Tachinbana and Fukui {11] suggested a
correlation for Musselt number for the narrow annulus gap taking into account thermal entrance
effects. Molozhen and Polyak [12] offered a heat ransfer correlanon for the 1wo limsting eases of
axial flow with no rotation, and Totating inner cylinder with no axial flow Kunzay and Scon |13
carried oul experimental measurements of the heat transfer rate in a large gap annulus with macr
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cylinder rotation. They measured both the axial and radial temperature distributions, and proposed a
carrelation for Nusselt number as a function of the ratio of axial travel of the flow helix i terms of
aydraulic diameter per half revolution of the spinning walt.

Abou-Ellail and Morcos [14] predicted numerically the turbulent flow ficld and heat transfer in the
entrance region of an annulus with both rotating inner cylinder and non-rotating one. The outer
cylinder was uniformly heated while the inner one was taken to be thermally insulated. They
compared Lheir results with the experimental results of previous investigator. The comparison showed
good agrecment over the entirc rage of the parameters considered. Some deviations between
experimental and theoretical data are, however, noticed in the case of high rotational speeds. They
also adjusted the constants of the two-zquations model of turbulence (k-8 modcl) | 15] to account for
the rotation of the inncr cylinder by decreasing the dissipation rate of the kinetic cnergy of turbulence,
In this way the level of turbulence is greatly enhanced with inner cylinder rotation.

The stability of circular Coutte flow with radial heating across a vertically oriented annulus with
inner cylinder rotating and outer cylinder stationary is investigated by Ali and Weidman [16]. They
uscd a lincar stabilitv theory. The numerical investigation is restricted to radius ratios of 0.6 and
0.939 at Prandtl number 4.35, 15 and 100. The resuits follow the development of critical stability
from  Taylor cells at zero heating through a number of asymmetric modes to axisymmetric eellular
convection at zero rotation. Increasing the Prandtl number profoundiy destabilizes the flow in both
wide and narrow gaps and the nuraber of contending critical modes increases with increasing radius
natio. Some of their results
were compared with the stability measurements of other investigators and they have got good
agreement,

Pfitzer and Beer [17] were the first to examine {theoretically and experimentally) the heat transfer
of turbulent axial flow in an annulus with co-rotating and counter-rotating tubes. In the experimental
investigation, the heat transfer rate in the hydrodynamic and thermal entrance regions of the rotating
annulus and the velocity and temperature profiles at the end of the test section were determined. The
analytical study was performed for flow and heat transfer of fully developed flow in a rotating
annulus by applying a modified mixing length theory. The theoretical results for fully developed flow
are compared  with the experimental data at the axial position of 60 hydraulic diamcters downstream
of the entrance,

This paper describes the effect of independently rotating inner and outer cylinders of a concentric
annulus on the velocity, turbulence intensity, shear stress and temperature distribution and on the heat
transfer 10 the air which is flowing inside the annular gap. The two-cquation model of turbulence the
k-5 model is emploved in this investigation. Modifications that take into account the effect of rotation
of one or the two cylinders were implemented into the original model,

2. GOVERNING EQUATIONS

Assume that the fluid has constant physical properties and the flow is steady axisymmetric with
the absence of body forces. Applying the well known Prandtl boundary layer assumptions and
cheeking the order of magnitude of each term of the boundary layer equations [ 18]: the cquations
governing the fluid motion in an annulus with rotating cylinders and axial throughflow, in the entry
region, may be reduced to the following simplified boundary layer equations:

Continuity equation:

a(rv,) % a(rv,) "

22 B g L et (1)

r-momeniuin equation.
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Energy equation:
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The radial component of the heat flux vector is
g = AL wpe, v (6)

ar

where T is the average temperaluze, T* is temperature fluctvations, cp is the specific heat at
constant pressure and A is the thermal conductivily.

Scalar property §:
The transport equaticn of the scalar quantities: trbulent kinetic enecgy &, turbulence dissipation
rate £ and the Reynolds stresses in a general from is:

A R R R

where @ is the required scalar quantity. Jf,, is the flux of the scalar property 4, P¢ is the production
rate of ¢and D, is the dissipation rate of ¢. The velocity components (V,, ¥, and ¥4 ) and the scalar
propetly ¢ represent time average values.

The fully developed flow, which establishes if the annulus is sufficiently long, provides good

analytical check on the finite difference solution to be obtained. The equations of conservation for an
incompressible turbulent fully developed flow will take the form.

V, =0 {3)
vi ap
— = —— e 9
P r or @
z:?- T + —a—ti ....................... (10)
ar
B an

For a Newtonuan fluid with constant physical properties, the components of the stress tensor ¢an
be written as:

- @ (Ve &, ——
0 _P[r’a_r[T]]‘PVrVe and Ir = l-l.fa_r' - Pvve

Because of the assumption of a fluid with constant properties, the equations of motion and energy
batance are uncoupled and will be solved separately,
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3. TURBULENCE MODEL

The statistical correlations involving the fluctuating velocities and temperatures (¢.g. 151, and

T ), that appear in the momentum and energy equations as a result of the time averaging process,
have to be modeled in terms of other known mean quantities. In this investigation, an eddy viscosity
modcl (k-¢) has been employed to calculate these correlations. The &-£ model is a two-cquation model
of turbulence. For constant {unit) density flow, this model relates the Reynolds stress and heat flux to
the mean velocity and temperature gradients as follow:

—_— 2
D L LRELTE. S—— (12)
i o7
and Pepuml = A 3 (13)
Ox;
and in particular
= u e ad -vve=ur i[ﬁ) ..................... (14)
ar dr\r

where

87 is the KRONECKER delta and S = mean strain =+ | 24t . 84
2| ox, dx;

is the eddy conductivity which can be related to x4, by defining a lurbulent Prandil number &,
Y ty t ] t

such as:
K Cp
o) l.; ( )

In the present work oy was assumed to be constant and equals 0.9. Equation (14) does not allow
for a counter gradient diffusion and more elaborate models are usually required to model the scalar
fluxes in this equation [19]. Swirl, buoyancy and transverse streamline curvature [20] affect
considerably the turbulence structure causing the heat transfer and skin friction to be different from
those predicted by the usual eddy viscosity models. However, since the present work does not
emphasize a comparative study for the validity of different turbulence models, the k-¢ model will
serve as a good tool in predicting the flow in annular geometries, with reasonable accuracy,

The eddy viscosity v, can be related to the turbulent structure of the flow by the Prandtl-

Kolmogrov relationship [21-22] as follows:-
o = Cu (k%) esesseresins (16)

where C, is a constant, k is the turbulent kinetic energy (// 2 & )and s is the dissipation rate of K

(6 = v [owfo5,)).
The turbulence viscosity v, is obtaincd from the solution of the transport cquations of k and s

which arc detcrinined, in eylindrical polar coordinates, as follows [23] :-

Dk

E =Ty * Py -8 crereereneennrenn ek 1TV
and
De (3
T Tt ;[cu Pi- Cer €] cevremeererere (18)
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The empirical cocfficients widely used in the standard &-£ model have the following values {24,
25]:

c

1 =009, Cpy =144, Cpy =1.92,0,=09,0,=1.0 and g, =13

with thesc values, the wall boundary layers and the plane jet flow are well predicled.

3.1 Initial and Boundary Conditions:

Uniform axial velocity and temperature profiles are assumed at the inlet of the annulus and are
equated to the inlet mecan values. The radial and 1angential velocity profiles arc assumed 1o be zero.
The initial distribution of turbulent kinctic encrgy & and its dissipation rate £ arc assumcd be 1o
uniform and cqual to that values given by Laurder and Spalding {26] for turbulent pipe flows. All
velocity components  atong the inner and outer radit are assumed to be zero, expect for the tangential
mean velocity at the wall of the inner and outer ¢ylinders. For an annulus having an nner eylinder of
radius r; and rotates with angular velocity @ while its outer cylinder is of radius #; and rotates with
anpular velocily wo. the Mow is subjected to the foliowing boundary conditions:

at infet section (z2=0)
at rp<re< ry

v, =V, and T = T, (flat profiles at entrance), P =Py=-v2 /2,
k=0.003 1?2 and 5= C, k77 /(0.03 1)

atthewalls z2 0

a r=r; Vi=V,=0 and ¥3=an
a r=ry Vr=Vz=0 and V3=&)1!‘2
Sully developed flow

a/ér =0 exceplt (8P/9z 2 0 and 8T/ dz = @)
The inncr cylinder was assumed to be thermally insulated. Therefore, the stagnation enthalpy
along the inner cylinder wall is:
(2nfer) =0

rerr

3.2 Near Wall Treatment :

The k¢ is valid only in high Reynolds number flaws far form the viscous flow near the wall.
Therefore, special treatment is needed to take into account the effcet of fluid viscosity on wrbulence,
particularly, wall shear stress T, wall heat flux ¢, the production of turbuicnce energy & and its
dissipation £ near the wall,

The wall shear stress and wall beat flux were obtained from [26] as:

tw = pRCL KL - Voo  1In(Erp ) e (19)

rp mpre CH4 RS cereennenenene (20)



M. 13 M.S. Mohamed

9y = 0 Cplhe - 5 ) C* <47/ [(é m(Ery )+ f,] g,] e (21

£.25
i 9.25[& - \’[P—L)
$ [+13 z P.f

where x = 0.42 (Von Karman constant), £ = 9.0 for smooth walls and 7, is Prandil number.
Subscripts p and w denotes the node p and the wall conditions respectively, In cquation (19), the
quantity [{(¥},, -¥y)p] is cmployed to account for the rotatien of walls.

The production of turbulence near the wall, Py, can be obtained from the transport equation of £.
it was modificd in order to take into account the effect of wall shear stress v, [t takes the form {23}

Pr = 0¥, (2

The dissipation ratc ncar the wall, s', was obtained from the assumption that the length scale of
turbulence is L = k/2/s which is related to the mixing length as L = Ci'' xr, , thus

g = OV kT IR, (23

4. SOLUTION PROCEDURE

The partial differential equations are integrated over a small control volume of the solution domain

covering the numerical mesh. This approach leads to intigro-differential equations (finite difference
cquatiens) [21]. '
These can be approximated with the aid of discrete property values located at the grid nodes
surrounding the finite volume. The procedure leads to a scheme that reflects the conservation of the
fluid property in qucstion. The finite difference equations can be solved on a digital computer. A
forward marching procedure is used, in which the properties of the fluid downstream are assumed to
be influenced by the conditions upstream only. This procedure is economical because the computer
storage required is for two mesh lines only and itis independent of the number of forward steps.
Since the procedure has been described in details in reference [20], brief discretion of the method will
be mentioned here.

The solution procedure can be summarized in the following steps:

1) After taking a forward step Ax,

2) The ¥, velocity field is obtained from the solution of the V,-momentum equation using the

upstream conditions.

3) The ¥, velocity field is obtained from the solution of the V-momentum equation .

4) The k, & and T ficlds are obtained in sequence form the solution of the respective equations.

In the above finite-difference solution procedure, the two problems of determining the pressure
distribution and satisfying the continuity of mass flow are overcome by adjusting the pressure ficld so
as to satisfy continuity. Since the finite-difference equations are non-lincar, the above calculation
steps are repeated few times before marching downstream to the next cross-stream plane, until the
error in each difference equation is less than 0.3%.

5. RESULTS AND DISCUSSION

In all test runs, the numerical computations are curried out for an upward air flow. An axial flow
at Re; =109 for a total length z/Dy, = 60 in an annulus of radius ratio of 0.8575 is used to make
comparison betveen the predicted results and the experimental data of Pitzer and Beer [17]. Another
radii ratio of 0.5 and 0.75 are also empioyed in the present work. A uniform heat flux from the outer
boundary to the fluid flowing through the annulus is imposed.

A non-uniform grid is employed in the radial direction while a constant forward step in the axial
direction is used, For the flow ficld under consideration, a grid of 20 nodes in the mdial direction
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Figure (1) Axial mean velocity at 2/Dy,= 60 and Figure (2} Radial distribution of the tangential
Re, = 10 mean velocity at 2/Dy,= 60 aad Re, = 1o

and a forward step of (0.01 R,) in the axial direction was found to give a grid indcpendent solution.

The effect of rotation on heat transfer and fluid flow was studied in the counter-rotating and co-
rotating cylinders for different gap ratios M= rj/r; at varions axial Reynolds numbers Re, and
rotation rates B =Vg / ¥,;. The results are discussed in the following sections:

3.1. Velocity and Temperature Distribution:

Figures (1) through (4) represent the companison between the case of counter-rotating cylinders (£
= V) /¥ = -1) at different rotation ratios (B} and the stationary cylinders (G = 0).

Figurc (1) shows the comparison bctween the predicied radial distribution of (he axial mean
velocity V, at /Dy, = 60 and the cxperimental data of  Pfizer and  Besr [17]. Figure (2)

represents the companson between the predicted radial distribution of the tangential mean velocity ¥,
and the available data {17]. Counter-rotating cylinders at tangential velocity ratios § =V /Vgr =0, -
I and -1.5 are investigated. The two figures are normalized with the entrance axial mean velocity ¥,
The comparisoit indicated that the profiles in both figures approach a more turbulent shape with
increasing § which is caused by the increase of turbulent fluctuations in the fluid.

Figure (3) represents the comparison between the computed radial tetnperature @ distribution and
the experimental data [17] for the above cases. The numerical data indicated that Jarge decrease in
the wall temperature at the outer rotating cylinder is observed rather than that for non-rotating
cylinder 8, =0. The figure indicated that the more increase of the rotation speed 3, the more

0.10 |

Present work Ref, (1T 0.0 E Present work Rel. [17
- - L Bi=0 By= 0 o
® 0.08 f=d B0 0 @ a
———— =l -l a el - TR T
£ |
- 3
=
.00 FTTRTTINTTRTINTRA [RPTTRTTRIRTOTRITCT [TYTTRTIT: [ATITITEN]
ao 0z 0.4 0.6 0.8 1.0 0 10 20 30 Ay 50 &0
(r-n¥rg-n) 2Dy

Figure {3) Fleid radial temperature distribution Figure (4} Axial outer wall iemperature for Re,
at /Dy =60 and Re,, = 10t = 104 at different cobnler-rotating specd ralios.
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Figure {5) Axial variation of wali temperature Figure (6) Axial variation of wall temperature
for Re, = 2.65x 104 at different counter- for Re; = 2.65x 104 at different co-rotating
rotating speed ratios. speed ratios.

increase of the inner wall temperature while the temperature of the outer cylinder decreases. These
changes in the radial temperature distribution can be attributed to the enhanced mixing due to flow
rolation between the counter rotating cylinders. The comparison between  the theoretical and the
cxperimental data {17] shows that the discrepancy between these curves diminishes with the decrease
of the cotational ratios p.

The axial variation of the dimensionless wall temperature ©,, for counter- mtalm% cylinders is
represented in figures (4). It shows the case of counter-rotating cylmdcr at Re, = 10™ at different
rotation rates, = Vg/V,;. At the initial region, /Dy, =10, the figurc shows a parabolic increase in
the wall tcmperature, while it attains a tinear risc in the fully developed region. The results indicated
that increasing the rotation rates 3, for the same counter-rotating tangential velocity ratio (G = -1),
decreases the wall temperature. The figure shows large discrepancy betiveen the predicted and the
experimental data [17] for stationary cylinders but this discrepancy diminishes with increasing the
rotational matio f.

The effect of variation of the tangential velocity ratio & on the axial wall temperature @, for
counter-rotating cylinders is shown in figure (5). The figure represents the comparison of the
predicted data for stationary cylinder (€ = 0) and counter-rotating cylinders at {{=-0.5, -1 and -2) for
an axial flow of Re, =2.65 x 104. The figure shows that with rotation, the wall temperature drops
below that for the pure axial
case and that the decrease of the wall temperaturc ©,, increases with increasing the absolute value of
the tangential velocity ratio . The rotating profiles deviates form the non-rotating curves at z/Dy= 5
and this deviation stars faster with increasing the rotation rate. This behaviour can be attributed to the
increasce of mixing duc to flow rotation.

It should be mentioned that co-rotating cylinders has a quite different effcet on the Icmperalu!c
profiles. Figure (6) shows the case of co-rotating cylinders of radius ratio 0.75 at Re, = 2.65 x 104,
Different tangential velocity ratios (§ = 0.0, 0.33, 0.5, 1, and 4) were used to indicate the effect of
changing the co-rotating tangential velocity ratio (§) on the wall temperature. The figure shows that
with rotation, the wall temperature gets higher than for the purce axial case. The increasc in the wall
Iemperature increases with decreasing the tangential velocity ratio (G).

Figure (7) shows the effect of axial Reynolds number and the tangential velocity ratic on the wall
temperature. The figure shows the comparison between wall temperature for two pure axial flow (G
=0) atRe, =2.65x 10* and 3.97 x 10% and those rotating profiles for tangential velocity ratio (§ = -
1) at the same two Reynolds number. The figure indicated that the deviation between the rotating and
non-rotating curves diminishes with the increase of the axial Reynolds number which is caused by the
increase of turbulence intensity in the fluid.

Figure (8) shows the radial temperature profiles for counter-rotating cylinders (5 =-1.0) at
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Figure {7) Effect of axial Reynolds number and
specd of rotation on the axial wall temperature

Figure {8) Effect of axial Reynolds number and
speed of rotation on the radial temperature
distribution at z/D}, =60.

Re, = 2.65x109 and Re, = 3.97 x 10% at /Dy, = 60. Comparison between the stationary and rotating
cylinders is shovn. The figure indicated 1has increasing the axial Reynolds number, for the same co-
rotating speed ratiw, decreases the dimensionless wall temperature ©,, for both the inner and outer

cylinders.

5.2 Nusseli number:

Figure (9) represenis the comparnison
between the predicted Nusselt number in the
present investigation and the experimental data
[17]). Figurc {9-a) shows the variation of Nussclt
number will the axial Reynolds number of the
case of inncr cylinder rotating while the outer
cylinder is stationary, Two rotational Reynolds
numbers were investigated (Redgy = 104 and
2x104, The figure indicaled that with growing
the rotational Reynolds number of the inner
cylinder (Redg|, while outer cylinder is
stationary (Re)gs = 0, a remarkable increase in
Mussclt number can be observed which is
proportional to the rotation rate (By). In figure
(9-b), the case of outer cylinder rotating while
the inner cylinder is stationary has been
investigated. The Nusselt number does not
change significantly, except for very low flow
ratc Reynolds number Re, and high rolation
rates B7. The comparison between the
theorctical and experimental data indicated goed
agreement for the case of stationary cylinders
cxeept for very low axial Reynolds pumber,
where the predicted data are slightly higher than
the experimental  data. In the case of stationary
outer cylinder, lower value for Nusselt number
was predicted than that of the experimental data.
The difference between the experimental and
theoretical data diminishes with the increase

g |
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Figure (%) Musselt number versus nxial Reynolds
number (or different rotational Reynolds numbers
otz G0 for:  a) Inner cylinder rolating.

bY Quter eylinder rotating.
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